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$\frac{dx(t)}{dt}=rx(t)\{1-\frac{x([t])}{K}\}$ , $r,$ $K>0$
. , $[t]$ $t$ .
,
$\{$
$N’(t)=rN(t) \{1-\sum_{j=0}^{m}a_{j}N([t-j])\}$ , $t\geq 0$ , $m\geq 1$ ,
$N(0)=N_{0}>0$ , $N(-j)=N_{-j}\geq 0$ , $j=1,2,$ $\cdots,m$
(1.1)
$r>0$ , $a_{0},a_{1},$ $\cdots,a_{m}\geq 0$, $\sum_{j=0}^{m}aj>0$ (1.2)
, $> \sum_{\mathrm{j}=1}^{m}aj$ $\mathrm{V}\backslash$ 0 , (1.1) 0 0 $N^{*}= \frac{1}{(\sum_{j=0}^{m}a_{j})}$ li 4 (glo
attractivity):
$N(0)>0$ , $\lim_{tarrow\infty}N(t)=N^{*}$
, , (global asymptotic stabilty)
.
Ll (Go\mu amy et al.[l]) $N_{0}>0$ $N_{-j}\geq 0,$ $j=1,2,$ $\cdots,m$ . , (1.2) ,
(1.1) $N(t)$ $[0, \infty)$ .
$N(t)=N_{n} \exp\{r(1-\sum_{j=0}^{m}ajN_{\hslash}-j)(t-n)\}$ , $n\leq t<n+1$ , $n=0,1,2,$ $\cdots$ .
$N_{n}=N(n),$ $n=0,1,2,$ $\cdots$ , $\{N_{n}\}_{n=0}^{\infty}$ .
$N_{n+1}=N_{n} \exp\{r(1-\sum_{j=0}^{m}ajN_{n-j})\}$, $n=0,1,2,$ $\cdots$ . (1.3)
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(1.1) $N^{*}=1/( \sum_{j=0}^{m}aj)$ , 1991 Gopalsamy et
al.[l] ]
$\backslash ^{\backslash }$
$r< \frac{\log 2}{m+1}$ , 1995 So and Yu[9] $p_{\grave{\grave{1}}}r\leq\urcorner 2\neg m+13$ . , $m=0$
$r\leq 2$ ( , Matsunaga et a1.[3]).
2001 Wang et a1.[10] (1.1) $N^{*}$ . Muroya[4]
(1.3) (contractivity), ,
|N(n+l)-N*|\leq 0m. $|N(n-j)-N^{*}|$ , $n=0,1,2,$ $\cdots$ . (1.4)
.
A. (Wang et a1.[10] and Muroya [4])
$a_{j}\geq 0$, $a_{0}> \sum_{j=1}^{m}a_{j}$ $0<r\leq 1$ (1.5)
, (1.3) , (1.1) $N^{*}$ .
Wang et a1.[10] Lyapunov-like ,
, Muroya [6] . Muroya[7] (1.3)
.
B. (Muroya[7])
$aj\geq 0$ , $> \sum_{j=1}^{m}aj$ $r<1+ \ln\{2/(1+(\sum_{j=1}^{m}aj)/a\mathrm{o})\}\leq 1+\log 2<2$ (1.6)
, (1.1) $N^{*}$ .
, Muroya[5] (1.3) $N^{*}$
.
C. (Muroya [5] Theorem 35 ). $m\geq 1,$ $a_{0}>0$ . Muroya[5] 22
$m$
$\hat{r}(\alpha)$ \mbox{\boldmath $\alpha$}\tilde =-(\Sigma ai)/ ,
$:=1$
$r\leq\hat{r}(\tilde{\alpha})$ (1.7)
, (1.3) (1.4) , (1.1) $N^{*}$ .
, $a_{0}> \sum_{\mathrm{j}=1}^{m}a_{j}$ , .
11 (1.2) , $r_{1}=rN^{*}a_{0}$ $r_{2}=rN^{*} \sum_{j=1}^{m}aj$ [ ,
$r_{1}>r_{2}\geq 0$, $r=r_{1}+r_{2}\leq 2$ $r_{1}+r_{2}>1$ $r_{1}+r_{2}- \frac{r_{2}}{r_{1}}e^{r_{1}+r\mathrm{a}-1}\geq 0$ (1.8)
, (1.1) $N(t)$ , $\lim_{tarrow\infty}N(t)=N^{*}$ , (1.1) $N^{*}$
.
1.1 $> \sum_{j=1}^{m}aj$ , (1.1) $N^{*}$
$\mathrm{A},$ $\mathrm{B},$ $\mathrm{C}$ .
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Ll (1.2) ,
$0<r\leq 2$ , $\frac{\sum_{j=1}^{m}a_{j}}{a_{0}}\leq\frac{2}{e}$ (1.9)
, (11) $N(t)$ , $tarrow.\infty \mathrm{h}\mathrm{m}N(t)=N^{*}$ , (1.1) $N^{*}$
.
1.1 , Seifert[8] 3.4 $\sum_{j=1}^{m}a_{j}/a_{0}\leq a$ $a$ , , $2/e$
.
2 $f(x)$ (2.1) , . 3
$f(x)=e^{x}-1$ , A ,
1J . , $\mathrm{A},$ $\mathrm{B},$ $\mathrm{C}$ 1.1 (1.8) .
2 $f(x)$
, $f(x)$ .
$x’(t)+rN^{*} \sum_{j=0}^{m}a_{j}f(x([t-j]))=0$ , $t\geq 0$ . (2.1)
, $x(-j)\geq 0,$ $j=1,2,$ $\cdots,m,$ $x(0)>0$ , , (1.2), $a_{0}>0$ .
$\{$
$f(x)\in C^{1}(-\infty, +\infty)$ , $f(0)=0$, $f’(x)>0$ , $-\infty<x<+\infty$
$\lim_{xarrow-\infty}f(x)=-1$
$x$ Jim $f(x)=+\infty$ .x\rightarrow +
(2.2)
$f(x)=e^{x}-1$ , (1.1) $N(t)$ ,
$x(t)= \log\frac{N(t)}{N^{*}}$ , $t\geq 0$ , $x(-j)=1o \mathrm{g}\frac{N(-j)}{N^{*}}$ , $j=0,1,2,$ $\cdots,$ $m$
, $x(t)$ (2.1) .




$x(t)=x(n)-rN^{*} \sum_{j=0}^{m}a_{j}f(x(n-j))(t-n)$ , $0\leq n\leq t<n+1$ .
$t\prec(n+1)-0$ \ddagger $\text{ }$ , $x(n+1)=x(n)-rN^{*} \sum_{jH}^{m}a_{j}f(x(n-j))$ .
$x_{n}=x(n)$ , $n=0,1,2,$ $\cdots$ ,
$x_{\hslash+1}=x_{n}-rN^{*} \sum_{j=0}^{m}ajf(x_{n-j})$ , $n=0,1,2,$ $\cdots$ (2.3)
91
, $\lim xQ$ ) $\ovalbox{\tt\small REJECT} 0$ [ , $1\ovalbox{\tt\small REJECT} x,$ $\ovalbox{\tt\small REJECT} 0$ .
$tarrow\ovalbox{\tt\small REJECT}\infty$ n\rightarrow
$r_{1}=rN^{*}a\mathit{0}>0$ , $r_{2}=rN^{*} \sum_{j=1}^{m}aj\geq 0$ , $\varphi(x)=x-r_{1}f(x)$ (2.4)
, $r_{1}+r_{2}=r$ , (2.3)
$x_{n+1}= \varphi(x_{n})-rN^{t}\sum_{j=1}^{m}ajf(x_{n-j})$ , $n=0,1,2,$ $\cdots$ . (2.5)
21(2.3) , $x_{n}$ , hm $x_{n=0}$ .
n\rightarrow
(2.3) $n\geq \mathrm{n}0$ , $x_{n}$ . $f(X)$ $(-\infty, +\infty)$ ,
$f(xn-j+1)\leq 0,$ $j=1,2,$ $\cdots,$ $m,$ $n\geq n0+m-1$ . , (2.1) ,
$0 \geq x_{n+1}=x_{n}-rN^{*}\sum_{j=1}^{m}ajf(x_{n-j+1})\geq x_{n}$ , $n\geq n_{0}+m-1$ .
{xn}n\infty = +m-l 0 . $\lim x_{n}=\alpha$ , $f(\alpha)=0$ , $\alpha=0$
. , $n\geq n_{1}$ , $x_{n}$ $n\infty \mathrm{f}\vec{\mathrm{f}\mathrm{i}}\text{ }$ $\text{ }$
.
, $\lim_{narrow\infty}x_{n}=0$ . $\square$
22(2.4) $\varphi(x)$
$L^{*}<0$ (2.6)
, $L\leq 0$ ,
F(L)\equiv nin{\mbox{\boldmath $\varphi$}(L), $\varphi(\varphi(\max\{L^{*},$ $L\})-r_{2}f(L))$ } $-r_{2}f(\varphi(\mathrm{n}1\mathrm{R}\{L^{\mathrm{r}},L\})-r_{2}f(L))$ (2.7)
. $L<0$ [ , $F(L)>L$ , $n.arrow\infty \mathrm{h}\mathrm{m}x_{n}=0$ .
(2.5) , $x_{n}$ , 21 , $\lim_{narrow\infty}x_{n}=0$ .
, $x_{n}$ . Gopalsamy et al.[l] So and Yu
[9] ,
$m<\xi_{1}<\xi_{2}<\cdots<\xi_{n}<\xi_{n+1}<\cdots$ , $\lim_{narrow\infty}\xi_{n}=+\infty$ , $x(\xi_{n})=0,$ $n=1,2,$ $\cdots$ ,
, $(\xi_{2n-1}, \xi_{2n})$ $x(t)>0,$ $(\xi_{2n},\xi_{2n+1})$ $x(t)<0,$ $\xi_{n+1}-\xi_{n}>m+1,$ $n=1,2,$ $\cdots$
$\{\xi_{k}\}_{k=1}^{\infty}$ .
$x(t_{n})=\mathrm{m}\mathrm{r}x(t)\xi_{2\mathrm{n}-1}<t<\xi_{2\mathrm{n}}$’ $x(s_{n})= \min_{\xi_{2n}<t<\xi_{2n+1}}x(t)$ , $n=1,2,$ $\cdots$
$n=1,2,$ $\cdots$ } , $t_{n}$ $s_{n}$ ,
$x(t_{n})>0$ , $D^{-}x(t_{n})\geq 0$ $x(s_{n})<0,$ $D^{-}x(s_{n})\leq 0$
. , $D^{-}x(t)$ $x(t)$ $t$ . ,
$0 \leq D^{-}x(t_{n})=-rN^{\mathrm{r}}\sum_{j=0}^{m}ajf(x(t_{n}-j-1))$ (2.8)
$0 \geq D^{-}x(s_{n})=-rN^{*}\sum_{j=0}^{m}a_{j}f(x(s_{n}-j-1))$.
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$\ovalbox{\tt\small REJECT}\phi\grave{\mathrm{x}}t\subset,$ $n=1,2,$ $\cdots[]\subset n_{\backslash }\mathrm{b}$ ,
$n\in[t_{n}-m-1, t_{n})$ , $x(T_{n})=0$ (2.9)
$S_{n}\in[s_{n}-m-1, s_{n})$ , $x(S_{n})=0$ (2.10)
$\{T_{n}\}_{n=1}^{\infty}$ $\{S_{n}\}_{n=1}^{\infty}$ . (2.9) , (2.8) ,
. (2.10) .
(2.1) $T_{n}$ $t_{n}$ , $t_{n}-T_{n}\leq m+1$ ,
$0=x(t_{n})-x(T_{n})+rN^{\mathrm{r}} \sum_{j=0}^{m}aj\int_{T_{n}}^{t_{n}}f(x([s-j]))ds\geq x(t_{n})-rN^{*}\sum_{j=0}^{m}aj(t_{n}-T_{n})\geq x(t_{n})-r(m+1)$ .
{ , $x(t_{n})\leq r(m+1),$ $n=1,2,$ $\cdots$ . , $x(t)\leq r(m+1),$ $t>\xi_{1}$ .
(2.1) $S_{n}$ $s_{n}$ $s_{n}-S_{n}\leq m+1$ ,
0 $=$ $x(s_{n})-x(S_{n})+rN^{*} \sum_{j=0}^{m}a_{j}\int_{S_{n}}^{\epsilon_{n}}f(x([s-j]))ds$
$\leq$ $x(s_{n})+rN^{*} \sum_{\mathrm{j}=0}^{m}ajf(r(m+1))(s_{n}-S_{n})\leq x(s_{n})+r(m+1)f(r(m+1))$.
$x(s_{n})\geq-r(m+1)f(r(m+1)),$ $n=1,2,$ $\cdots$ , , $x(t)\geq-r(m+1)f(r(m+1)),$ $t\geq\xi_{2}$
.
$\{$
$n>\xi_{1}$ , $x_{n}\leq R_{1}=r(m+1)$
$n>\xi_{2}$ , $x_{n}\geq L_{1}=-r(m+1)f(\mathrm{r}(m+1))$ .
, $L_{k}$ $x_{n}$ $n>\xi_{2k}$ T . , $n>\xi_{2k}$ { , $x_{n}\geq L_{k}$ .
$\varphi(x)$ $x=L^{*}<0$ . $n>\xi_{2(k+1)-1}$ , $x_{n}$ .
$x_{\hslash}= \varphi(x_{n-1})-rN^{*}\sum_{j=1}^{m}ajf(x_{n-\mathrm{j}-1})\leq\varphi(x_{n-1})-rN^{*}\sum_{j=1}^{m}ajf(L_{k})\leq\varphi(\max\{L^{*},L_{k}\})-r_{2}f(L_{k})$ .
, $n>\xi_{2(k+1)-1}$ ? , $x_{n}\leq R_{k+1}$ . , $R_{k+1} \equiv\varphi(\max\{L‘, L_{k}\})-r_{2}f(L_{k})$ .
$n>\xi_{2(’+1)}$ } , $x_{n}$ .
$x_{n}$ $=$ $\varphi(x_{n-1})-rN^{*}\sum_{j=1}^{m}a_{j}f(x_{n-j-1})\geq\dot{\mathrm{m}}\mathrm{n}\{\varphi(L_{k}), \varphi(R_{k+1})\}-r_{2}f(R_{k+1})$
$=$ $\dot{\mathrm{m}}\mathrm{n}\{\varphi(L_{k}), \varphi(\varphi(\max\{L^{*},L_{k}\})-r_{2}f(L_{k}))\}-r_{2}f(\varphi(\mathrm{m}m\{L^{*}, L_{k}\})-r_{2}f(L_{k}))$ .
$L_{k+1}=F(L_{k})$ , $n>\xi_{2(k+1)}$ , $x_{n}\geq L_{k+1}$ . , $L_{k}<F(L_{k})=L_{k+1}$ .
, $\lim_{karrow\infty}R_{k}=0$ $\lim_{karrow\infty}L_{k}=0$ . $L_{k}$ $n>\xi_{2k}$ $x_{n}$ T ,
$R_{k+1}=\varphi(\mathrm{m}\mathrm{x}\{L^{*},L_{k}\})-r_{2}f(L_{k})$
$n>\xi_{2(k+1)-1}$ $x_{n}$ , $\lim_{karrow\infty}L_{k}=0$ , $\lim_{karrow\infty}R_{k}=\varphi(0)-r_{2}f(0)=0$ .
$karrow.\infty \mathrm{h}\mathrm{m}L_{k}=0$ . (2.7) , $F(0)=0$ $L_{k}<0$ , $L_{k}<L_{k+1}=F(L_{k})\leq 0$






. $L\leq 0$ ,
$H(L)\equiv r_{1}f(L)+r2f(\varphi(R^{*})-r_{2}f(L))$
.
$r_{1}>r_{2}\geq 0$ $\lim$ $H(L)<0$ (2.13)
L\rightarrow -
, $\lim_{narrow\infty}x_{n}=0$ .
$x_{n}$ , 2.1 , $\lim x_{n}=0$ .
$narrow\infty$
, $x_{n}$ . Gopalsamy [1] So and Yu[9] ,
$m<\xi 1<\xi_{2}<\cdots$ <\mbox{\boldmath $\xi$}n<\mbox{\boldmath $\xi$}7 . .., lin $\xi n=+\infty$ , $x(\xi n)=0$ , $n=1,2,$ $\cdots$
n\rightarrow




$\varphi(x)$ $x=R^{\mathrm{r}}>0$ . , $n>\xi_{1}$ { , $x_{n}<\varphi(R^{*})+r_{2}\leq R^{*}$ .
$0<R^{*}-r_{2}f(L)\leq R^{*}+r_{2}\leq R^{*}$ , $R^{*}$ , $L<0$ 9 , $\varphi’(R^{*}-r_{2}f(L))\geq 0=\varphi’(R^{*})$
, $(1-r_{1}f’(R^{*}-r_{2}f(L)))r_{2}f’(L)\geq 0$ . ( , $f’(R^{*}-r_{2}f(L))$ .
,
$H’(L)=f’(L) \{r_{1}-r_{2}^{2}f’(\varphi(R^{*})-r_{2}f(L))\}\geq f’(L)(r_{1}-\frac{r_{2}^{2}}{r_{1}})>0$.
$H(L)$ $(-\infty, 0]$ , lin $H(L)<0$ , $L_{1}<-r(m+1)f(r(m+1))$
$Larrow-\infty$
$H(L_{1})<0$ $L_{1}<0$ . ,
$\varphi(L_{1})-r_{2}f(\varphi(R^{*})-r_{2}f(L_{1}))=L_{1}-H(L_{1})>L_{1}$ . (2.14)
{ $L_{1}$ $n>\xi_{2}$ [ , $x_{n}$ , , $x_{n}>L_{1},$ $n>\xi_{2}$ .
$n>\xi_{3}$ $x_{n}$ . $n>\xi_{3}$ ,
$x_{n}= \varphi(x_{n-1})-rN^{*}\sum_{j=1}^{m}ajf(x_{n-j-1})\leq\varphi(R^{*})-r_{2}f(L_{1})$,
, $R_{2}:=\varphi(R^{*})-r_{2}f(L_{1})>0$ , $x_{n}\leq R_{2},$ $n>\xi_{3}$ . , $L_{1}<0$ ,
$R^{*}-R_{2}=R^{\mathrm{r}}-(\varphi(R^{*})-r2f(L_{1}))>R^{\mathrm{r}}-(\varphi(R^{*})+r_{2})\geq 0$
, $0<R_{2}<R^{*}$ .
$n>\xi_{4}$ , $x_{n}$ . O<R2<R , $n>\xi_{4}$ ,
$x_{n}= \varphi(x_{n-1})-rN^{*}\sum_{j=1}^{m}a_{j}$ f(x -j-l) $\geq\varphi(L_{1})-r_{2}f(R_{2})$ .
, $L_{2}:=\varphi(L_{1})-r_{2}f(R_{2})<0$ ! , $x_{n}\geq$ , $n>\xi_{4}$ , (2.14) , $L_{1}<L_{2}<0$
.
, $k\geq 1$ ,
$\{$
$R_{k}:=\varphi(R_{k-1})-r_{2}f(L_{k-1})$ , $0<R_{k}<R_{k-1}\leq R^{*}$










, $R_{k+1}:=\varphi(R_{k})-r_{2}f(L_{k})>0$ f ,
$x_{n}\leq R_{k+1}$ , $n>\xi_{2(k+1)-1}$
$R_{k+1}=\varphi(R_{k})-r_{2}f(L_{k})<\varphi(R_{k-1})-r_{2}f(L_{k-1})=R_{k}$.
, $n>\xi_{2(k+1)}$ $x_{n}$ .
$x_{n}= \varphi(x_{n-1})-rN^{*}\sum_{j=1}^{m}a_{j}f(x_{n-j-1})\geq\varphi(L_{k})-r_{2}f(R_{k+1})$
, $L_{k+1}:=\varphi(L_{k})-r_{2}f(R_{k+1})<0\}$ ,
$x_{n}\geq L_{k+1}$ , $n>\xi_{2(k+1)}$
. ,
$L_{k+1}=\varphi(L_{k})-r_{2}f(R_{k+1})>\varphi(L_{k-1})-r_{2}f(R_{k})=L_{k}$.
$\mathrm{R}’ae|_{\llcorner,}^{\vee}R=\lim R_{k}\text{ }L=\lim_{karrow\infty}L_{k}\iotaarrow.*\backslash \}\text{ },$





, $0\leq r_{2}<r_{1}<1$ , $f(R)=f(L)=0$ . , $R=L=0$. [ , $\lim_{narrow\infty}x_{n}=0$
.
23 (2.13) $\lim_{Larrow-\infty}H(L)$ $<0$ . $f(x)=e^{x}-1$











$G(L) \equiv\min\{\varphi(L), \varphi(\varphi(R^{*})-r_{2}f(L))\}-r_{2}f(\varphi(R^{*})-r_{2}f(L))$ (2.19)
. $r_{1}>r_{2}$ $L\leq\overline{L}$ } ,
$G(L)>L$ (2.20)
, $\lim_{narrow\infty}x_{n}=0$ .
$f’(L)>0$ , $0<R^{*}<\varphi(R^{*})+r_{2}$ ,
lin $(r_{1}f(R^{\mathrm{r}})+r_{2}f(L))=r_{1}f(R^{*})-r2<0<r_{1}f(R^{*})= \lim_{Larrow 0}(r_{1}f(R^{*})+r_{2}f(L))$.
$Larrow-\infty$
, $r_{1}f(R^{*})+r_{2}f(\overline{L})=0$ , , $R^{*}=\varphi(R^{*})-r_{2}f(\overline{L})$ $\overline{L}<0$
.
, $x_{n}$ , 21 , $\lim x_{n}=0$ .
$narrow\infty$
, $x_{n}$ , 22
$\{\xi_{k}\}_{k=1}^{\infty}$ ,
$n>\xi_{1}$ , $x_{n}\leq R_{1}=r(m+1)$
$n>\xi_{2}$ , $x_{n}\geq-r(m+1)f(r(m+1))$ .
[ , $\overline{L}<-r(m+1)f(r(m+1))$ . $L_{1}=-r(m+1)f(r(m+1))>\overline{L}$ , $L_{1}<0$
, $n>\xi_{2}$ , $x_{n}\geq L_{1}$ .
, $n>\xi_{3}$ $x_{n}$ . $1\leq j\leq m$ , $n>\xi_{3}$ , n-j-l $>\xi_{2}$ ,
$x_{n}= \varphi(x_{n-1})-rN^{*}\sum_{j=1}^{m}a_{\mathrm{j}}f(x_{n-j-1})\leq\varphi(R^{\mathrm{r}})-r_{2}f(L_{1})$ .
$R_{2}=\varphi(R^{*})-r_{2}f(L_{1})$ , $0\leq R_{2}<\varphi(R^{*})-r_{2}f(\overline{L})=R^{*}$ , $n>\xi \mathrm{s}$ $x_{n}\leq R_{2}$ .
$n>\xi_{4}$ [ $x_{n}$ , $\varphi(L_{1})<0\leq\varphi(R_{2})$ , $\min\{\varphi(L_{1}), \varphi(R_{2})\}=\varphi(L_{1})$
. $n>\xi_{4}$ n-j–l $>\xi s,$ $1\leq j\leq m$ ,
$x_{n}=\varphi(x_{n-1})$ ” $rN^{*} \sum_{j=1}^{m}ajf(x_{n-j-1})\geq\varphi(L_{1})-r_{2}f(R_{2})$.
$L_{2}= \max(L_{1}, \varphi(L_{1})-r_{2}f(R_{2}))$ , $L_{1}\leq L_{2}<0$ $n>\xi_{4}$ $x_{n}\geq L_{2}$ .
$n>\xi_{5}$ $x_{n}$ ,
$x_{n}= \varphi(x_{n-1})-rN^{*}\sum_{j=1}^{m}a\mathrm{j}f(x_{n-j-1})\leq\varphi(R_{2})-r_{2}f(L_{2})$ .
$R_{3}=\varphi(R_{2})-r_{2}f(L_{2})$ , $0<R_{3}=\varphi(R_{2})-r_{2}f(L_{2})<\varphi(R^{*})-r_{2}f(L_{1})=R_{2}<R^{*}$ ,
$n>\xi_{5}$ [ $x_{n}\leq R\mathrm{a}$ .
$k\geq 2$ , :
$\{$
$R_{k}=\varphi(R_{k-1})-r_{2}f(L_{k-1})$ , $0<R_{k}<R_{k-1}$ ,
$L_{k}= \max(L_{k-1},\varphi(L_{k-1})-r_{2}f(R_{k}))$, $L_{k-1}\leq L_{k}<0$,






$n>\xi 2(k+1)-1$ , $x_{n}\leq R_{k+1}$ . , $n>\xi 2(k+1)$ $x_{n}$ ,
$x_{n}= \varphi(x_{n-1})-rN^{*}\sum_{j=1}^{m}a_{j}f(x_{n-j-1})\geq\varphi(L_{k})-r_{2}f(R_{k+1})$ .
$L_{k+1}= \max(L_{k},\varphi(L_{k})-r_{2}f(R_{k+1}))$ . $L_{k+1}\geq L_{k}$ . $n>\xi 2(k+1)$ [ . $x_{n}\geq L_{k+1}$
. , $\{R_{k}\}_{k=1}^{\infty}$ $\{L_{k}\}_{k=1}^{\infty}$ .
,
$R=1\mathrm{i}R_{k}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$ ’ $L= \lim_{karrow\infty}L_{k}$
$karrow\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$
$R=\varphi(R)-r_{2}f(L)$ , $L= \max(L, \varphi(L)-r_{2}f(R))\geq\varphi(L)-r_{2}f(R)$
. ,
$r_{1}f(R)+r_{2}f(L)=0$ , $r_{1}f(L)+r_{2}f(R)\geq 0$.
$f(R)=-|\grave{\Delta}r_{1}f(L)$ , $(r_{1}-r^{2}Ar_{1})f(L)\geq 0$. , $r_{1}>r_{2}$ , $f(R)=f(L)=0$ .
[ , $R=L=0$ . hm $x_{n}=0$ .
$narrow\infty$
, $-r(m+1)f(r(m+1))\leq\overline{L}$ .
$L_{1}=-r(m+1)f(r(m+1))$ $n>\xi_{2}$ $x_{n}\geq L_{1}$ . $n>\xi \mathrm{s}$ $x_{n}$
,
$x_{n}=\varphi(x_{n-1})$ -rN $\sum_{j=1}^{m}a_{j}f(x_{n-j-1})\leq\varphi(R^{*})-r_{2}f(L_{1})$ .
$R_{2}=\varphi(R^{*})-r_{2}f(L_{1})$ , $n>\xi_{3}$ $x_{n}\leq R_{2}$ . $n>\xi_{4}$ $x_{n}$ T .
$x \text{ }=\varphi(x_{n-1})-rN^{*}\sum_{j=1}^{m}a_{j}f(x_{n-j-1})$ \geq min $\{\varphi(L_{1}),\varphi(R_{2})\}-r_{2}f(R_{2})$ .
$L_{2}= \min\{\varphi(L_{1}), \varphi(R_{2})\}-r_{2}f(R_{2})$ , $n>\xi_{4}$ { $x_{n}\geq L_{2}$ .
, $x_{n}$ , $k$ , $n>\xi_{2k}$ , $x_{n}\geq L_{k}$ .
$L_{k}\leq\overline{L}$ . $n>\xi_{2(k+1)-1}$ $x_{n}$ ,
$x_{n}= \varphi(x_{n-1})-rN^{*}\sum_{j=1}^{m}ajf(x_{n-j-1})\leq\varphi(R^{*})-r_{2}f(L_{k})$.
$R_{k+1}=\varphi(R^{*})-r_{2}f(L_{k})$ , $n>\xi_{2(k+1)}$ [ $x_{n}\leq R_{k+1}$ .
, $n>\xi_{2(’+1)}$ $x_{n}$
$x_{n}= \varphi(x_{n-1})-rN^{*}\sum_{j=1}^{m}a_{j}f(x_{n-j-1})\geq\dot{\mathrm{m}}\mathrm{n}\{\varphi(L_{k}), \varphi(R_{k+1})\}-r_{2}f(R_{k+1})$ .
$L_{k+1}=\dot{\mathrm{m}}\mathrm{n}\{\varphi(L_{k}), \varphi(R_{k+1})\}-r_{2}f(R_{k+1})$ ,
$L_{k+1}=\dot{\mathrm{m}}\mathrm{n}\{\varphi(L_{k}), \varphi(\varphi(R^{*})-r_{2}f(L_{k}))\}-r_{2}f(\varphi(R^{*})-r_{2}f(L_{k}))$ .
, $n>\xi 2(k+1)+1$ [ $x_{n}\geq L_{k+1}$ . , , $L_{k+1}=G(L_{k})>L_{k}$ .
, $L<\overline{L}$ $G(L)>L$ , L -l\leq L-<L
, $n>\xi 2k_{\mathrm{O}}+1$ ( , xn\geq L $>\overline{L}$ . L>L-{ , $\varphi(R^{*})-r_{2}f(L)<\varphi(R^{*})-r_{2}f(\overline{L})=R^{2}$.








$\overline{L}=0$ . $L<0$ 2.4 $G(L)$ ,
$G(L)>L$ (2.24)
, lin $x\text{ }=0$ .
n\rightarrow
24 $\overline{L}<0$ $-r(m+1)f(r(m+1))\leq\overline{L}$ .
3 Ll
$N^{*}$ , (11) $N(t)$ $\lim_{tarrow\infty}N(t)=N^{*}$ (2.1)
, , (2.1) $x(t)$ $\lim x(t)=0$ .
$tarrow\infty$
$f(x)=e^{x}-1$ , $r_{2}=0$ , $r_{2}>0$ , 22
$L<0$ $F(L)>L$ , 2.4 $L<\overline{L}$ $G(L)>L$
, , 25 $L<0$ $G(L)>L$ . , $f(x)=e^{\varpi}-1$
, 23 A , (1.5) .
31(2.4) ,





$R>0$ , $\tilde{\varphi}^{2}(R)<R$. (3.3)
, $r_{2}=0$ (2.3)-(2.5) , $0<r=r_{1}\leq 2$ , $narrow\infty 1\dot{\mathrm{m}}x_{n}=0$ .
.
$g_{1}(t)=t+te^{(r_{1}+r_{2})(1-t)}$ , $0<t$ \infty .






$g_{1}’(t) \geq g_{1}’(\frac{2}{r_{1}+r_{2}})=1-e^{(r_{1}+r_{2})-2}\geq 0$ , $0<t$ \infty .
$g_{1}(t)$ $(0, +\infty)$ $t$ ,
$\{$
$g_{1}(t)<g_{1}(1)=2$ , $t<1$
$g_{1}(t)>g_{1}(1)=2$ , $t>1$ .
98
, (3.3) .
$r_{2}=0$ (2.3)-(2.5)& , Matsunaga [4] { , $0<r=r_{1}\leq 2$ $\lim_{narrow\infty}x_{n}=0$ . $\square$
32(2.4) ,
$r_{1}>r_{2}>0$ , $r_{1}>1$ $r_{1}+r_{2}- \frac{r_{2}}{r_{1}}e^{r_{1}+r_{2}-1}\geq 0$ (3.4)
. , $\varphi(x)$ $L^{*}=-\ln r_{1}<0$ .
a) $L\leq 0$ ,
$G_{1}(L)=\varphi(L)-r_{2}f(\overline{R}_{L}^{*})-L$, $\tilde{G}_{1}(L)=r_{1}f(L)+r_{2}f(\overline{R}_{L}^{*})$ $\overline{R}_{L}^{*}=\varphi(L^{*})-r_{2}f(L)$
. , .
i) $\lim\tilde{G}_{1}(L)\leq 0$ .
L\rightarrow -
$\mathrm{i}\mathrm{i})\tilde{G}_{1}(L^{\cdot})<0$.
$\mathrm{i}\mathrm{i}\mathrm{i})$ $L<L^{*}$ , $\tilde{G}_{1}’(L)=0$ , $\tilde{G}_{1}(L)<0$ .
, L\leq L*: , $\tilde{G}_{1}(L)<0$ , $G_{1}(L)>0$ .





i\"u) $L\leq L^{*}$ , $G_{2}’(L)<0$.
, $L\leq L^{*}$ } , $G_{2}(L)>0$ .
c) $L\leq 0$ ! ,
$G_{3}(L)=\varphi(\overline{R}_{L})-r_{2}f(\overline{R}_{L})-L$ $\overline{R}_{L}=\varphi(L)-r_{2}f(L)$ (3.6)
. , $L^{*}\leq L<0$ [ , $G_{3}(L)=\tilde{\varphi}^{2}(L)-L>0$ .
a) i) ,
$\lim_{L-\infty}\tilde{G}_{1}(L)=\frac{r_{2}}{r_{1}}e^{(r_{1}+r_{2})-1}-(r_{1}+r_{2})\leq 0$ .
$\mathrm{i}\mathrm{i})\varphi’(x)=1$ -rl , (3.4) , $L^{*}=-\ln r_{1}<0$ $\overline{R}_{L}^{*}=-\mathrm{h}r_{1}+(r_{1}+r_{2})-1-r_{2}e^{L}$
$\tilde{G}_{1}(L\text{ }=1-(r_{1}+r_{2})+\frac{r_{2}}{r_{1}}e^{(r_{1}+r_{2})(1)}-_{r}[perp]_{1}$
. ,
$g_{2}(x)=1-(x+r_{2})+ \frac{r_{2}}{x}e^{(x+r_{2})-1-}$ , $1<x\leq 2-r_{2}$ ,
$g_{2}’(x)=-1+(- \frac{x-r_{2}}{x^{2}}+1)\frac{r_{2}}{x}e^{(x+r_{2})-1-\mathrm{E}}\sim\leq-1+\frac{r_{2}}{x}e^{1-\mathrm{R}}*$ , $1<x\leq 2-r_{2}$ .
$\frac{r_{2}}{2-r_{2}}\leq t<1$ [ $g_{3}(t)=te^{1-t}$
,
$g_{3}’(t)=(1-t)e^{1-t}>0$ , $\frac{r_{2}}{2-r_{2}}\leq t<1$ , $g\mathrm{a}(t)<g_{3}(1)=1$ , $\frac{r_{2}}{2-r_{2}}\leq t<1$ .






. , L\leq L*[ $\tilde{G}_{1}’(L)=0$ , $r_{1}+r_{2} \geq\frac{r_{2}}{r_{1}}e^{r_{1}+r_{2}-1}$ , $x>0$
$x+1<e^{x}$ ,
$\sim 1(L)=r_{1}\mathrm{e}^{L}+\frac{r_{2}}{r_{1}}e^{r_{1}+r_{2}-1-r_{2}\mathrm{e}^{L}}-(r_{1}+r_{2})=\frac{r_{2}}{r_{1}}e^{r_{1}+r_{2}-1-r_{2}\mathrm{e}^{L}}(r_{2}e^{L}+1)-(r_{1}+r_{2})\leq(r_{1}+r_{2})(\frac{r_{2}e^{L}+1}{e^{\mathrm{r}_{2}e^{L}}}-1)<0$
. , a) i)-i\"u) , $L\leq L^{*}$ , $G_{1}(L)>0$ .












. $\frac{1}{2}\leq t<1$ , $g_{4}(t)=(2t-1)e^{2(1-t)}-1$ ,
$g_{4}’(t)=4(1-t)e^{2(1-t)}>0$ , $\frac{1}{2}\leq t<1$ .
, $g_{4}(t)<g_{4}(1)=0,$ $\frac{1}{2}\leq t<1$ ,
$\frac{r_{2}}{r_{1}}e^{(r_{1}+r_{2})(1-\frac{1}{r1})}-1\leq\frac{2-r_{1}}{r_{1}}e^{2(1)}-_{r}[perp]_{1}-1=g_{4}(\frac{1}{r_{1}})<g_{4}(1)=0$.
{ , $G_{2}’(L^{*})<0$ $L^{\mathrm{r}}<0$ . , L\leq L*[ ,
$G_{2}’’.(L)=-r_{2}e^{L} \{1-(1-r_{2}e^{L})\frac{r_{1}+r_{2}}{r_{1}}e^{r_{1}+r_{2}-1-\mathrm{r}_{2}\mathrm{e}^{L}}\}$.






$(\overline{r}_{1},\overline{r}_{2})$ , $\overline{r}_{1}=\frac{2e}{e+2}<2$ , $\overline{r}_{2}=\frac{4}{e+2}<1$ . , (3.4) $r_{1}$
$r_{2}$ [ , $0\leq r_{2}\leq\overline{r}_{2}$ , $1\leq r_{1}\leq 2-r_{2}$ .
100
, $0<r_{2}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}_{2}$ $r_{2}$ { , $r$’ $p(r_{1}\ovalbox{\tt\small REJECT} r_{2})\ovalbox{\tt\small REJECT}?_{\mathrm{t}}\ovalbox{\tt\small REJECT} r_{\mathrm{z}?^{\ovalbox{\tt\small REJECT}})}e+\mathrm{r}_{2}-1$
$r_{1}$
$\frac{dp(r_{1-}r_{2})}{dr_{1}}=\frac{r_{2}(r_{1}-1)}{r_{1}^{2}}e^{r_{1}+r_{2}-1}>0$
, $[1, 2-r_{2}]$ . , $0<r_{2}\leq\overline{r}_{2}$ ,
$p(r_{1}; r_{2}) \leq p(2-r_{2;}r_{2})=\frac{2e}{2-r_{2}}\leq\frac{2}{2-\overline{r}_{2}}=e+2$ .
$h_{1}(x)= \frac{e^{\mathrm{g}}}{1-x}$ $[0, 1)$ , $\frac{e^{x}}{1-x}=e+2$ $\hat{x}$ $=0.60995\cdots<$
$1$ . , $\hat{L}<0$ $G_{2}’’(\hat{L})=0$ , (3.4) $r_{1},$ $r_{2}$ $r_{2}e^{L}\leq\hat{x}<1$
$G_{2}’( \hat{L})=-r_{2}e^{L}(1-\frac{1}{1-r_{2}e^{L}})-1=\frac{(r_{2}e^{L})^{2}+r_{2}e^{L}-1}{1-r_{2}e^{L}}$,
$(r_{2}e^{L})^{2}+r_{2}e^{L}-1\leq\hat{x}^{2}+\hat{x}-1=-0.01800\cdots<0$ ,
, $G_{2}’(\hat{L})<0$ . , $L\leq L^{*}$ $G_{2}’(L)<0$ .
[ , b) \"u) , $L\leq L^{*}$ $G_{2}(L)\geq G_{2}(L^{*})>0$ .
c) 3.1 , $L^{*}\leq L<0$ . $G_{3}(L)=\tilde{\varphi}^{2}(L)-L>0$ .
3.3 (2.4) ,
$1>r_{1}>r_{2}>0$ , $r_{1}+r_{2}>1$ $r_{1}+r_{2}- \frac{r_{2}}{r_{1}}e^{r_{1}+r_{2}-1}\geq 0$ (3.7)
. , $\varphi(x)$ $R^{*}=-\ln r_{1}>0$ .
a) $L\leq 0$ ,




i)L\rightarrow -\infty lin $\tilde{G}_{4}(L)\leq 0$ .
$\mathrm{i}\mathrm{i})\tilde{G}_{4}(\overline{L})<0$ .
i\"u) $\tilde{G}_{4}’(\overline{L})>0$ .
, $L\leq\overline{L}$ , $G_{4}(L)>0$ .
b) $L\leq 0$ ,
$G_{5}(L)=\varphi(\overline{R}_{L}^{*})-r_{2}f(\overline{R}_{L}^{*})-L$ , $\overline{R}_{L}^{*}=\varphi(R^{*})-r_{2}f(L)$ (3.9)
. , $L\leq\overline{L}$ , $\varphi(\overline{R}_{L}^{*})>\varphi(L)$ $G_{5}(L)=\overline{\varphi}(\overline{R}_{L}^{*})-L>G_{4}(L)>0$ .
IEII a) i)
1:- $\prime\prime\sim-/r\backslash -$ ’- $|--\backslash 1r_{2_{-r_{1}+r_{2}-1}}$
$\lim_{Larrow-\infty}G_{4}(L)=-(r_{1}+r_{2})+\cdot\frac{4}{r_{1}}e^{r_{1}+r_{2}-1}\leq 0$.
$\mathrm{i}\mathrm{i})\varphi’(x)=1$ -l , (3.7) , $R^{*}=-\mathrm{h}r_{1}>0$ $R^{*}>\varphi(R^{*})+r_{2}$ . ,





, $e^{\ovalbox{\tt\small REJECT}}\ovalbox{\tt\small REJECT} 1-\ovalbox{\tt\small REJECT}(1-r’)$ . ,
$r_{2}$
$\{$
\tilde 4(L) $=r_{1}(e^{L}-1)+r_{2}( \frac{1}{r_{1}}e^{r_{1}+r_{2}-1-r_{2}e^{L}}-1)$
-’4 $(L)=r_{1}e^{Lr}+\simeq(r_{1}-r_{2}e^{L})e^{r_{1}+r_{2}-1-r_{2}\mathrm{e}^{L}}=e^{L}(r_{1}-rr1_{e^{r_{1}+r_{\mathit{2}}-1-r_{\mathit{2}}\mathrm{e}^{t}})}$.
,
\tilde 4(L-) $=r_{1}(e^{\overline{L}}-1)+r_{2}( \frac{1}{r_{1}}e^{r_{1}+r_{2}-1-r_{2}\mathrm{e}^{E}}-1)$ $=- \frac{r_{1}}{r_{2}}(1-r_{1})+r_{2}(\frac{1}{r_{1}}-1)=\frac{1-r_{1}}{r_{1}r_{2}}(r_{2}^{2}-r_{1}^{2})<0$
. , $\tilde{G}_{4}(\overline{L})<0$ .
\"ui)
$\tilde{G}_{4}’(\overline{L})=e^{\overline{L}}(r_{1}-\frac{r_{2}^{2}}{r_{1}})>0$ .
$\tilde{G}_{4}’(L)$ , a) i)-i\"u) , $L\leq\overline{L}$ , $G_{4}(L)>0$ .






, L\leq L-{ , $r_{1}+r_{2}-1-r_{2}e^{\overline{L}}=0$
$g_{5}’(L) \leq g_{6}’(\overline{L})=r_{1}e^{\overline{L}}-1=-(1-r_{1})(1+\frac{r_{1}}{r_{2}})<0$
. , $L\leq\overline{L}$ , $\overline{R}\frac{*}{L}=\varphi(R^{*})-r_{2}f(\overline{L})=R^{*}$ ,
$g_{5}(L)\geq g_{\mathrm{S}}(\overline{L})=\varphi(R^{*})-\varphi(\overline{L})>0$
, L\leq L-[ , $\varphi(\overline{R}_{L}^{*})>\varphi(L)$ . , (3.9) a) , $L\geq\overline{L}$ ,
$G_{5}(L)\geq G_{4}(L)>0$ .
3.4 (2.4) ,
$\mathrm{r}_{1}=1$ , $r_{2}>0$ $r_{2}(e^{r_{2}}-1)\leq 1$ (3.10)
. , $\varphi(x)$ $R^{*}=0$ , (2.22)-(2.23) , .
a) $R^{*}=0$ 33 $G_{4}(L)$ , $L<\overline{L}=0$ , $G_{4}(L)>0$ .
b) $R^{*}=0$ (3.9) $G_{5}(L)$ , $L<\overline{L}=0$ , $G_{5}(L)=\tilde{\varphi}(\overline{R}_{L}^{*})-L>0$ .
$\overline{L}<0$ 33a) b) .
3.4 (3.10) , 25 (2.21)-(2.24) , $\lim_{narrow\infty}x_{n}=0$ .
$r_{1}>r_{2}\geq 0$ $r_{1}+r_{2}\leq 1$ (3.11)




$0<\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} 2$ $l\ovalbox{\tt\small REJECT} 0$ , (34), (37), (310) ( $3\ovalbox{\tt\small REJECT} \mathfrak{y}$ , 3 $1- 3\ovalbox{\tt\small REJECT}$
, 21-22,24-25 , A , $\lim x_{n}\ovalbox{\tt\small REJECT} 0$ . , 21-25
, ( $2.\mathfrak{y}$ , (11) $N$“ , 11
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